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1 Linear vector spaces

A linear space or vector space over R (or a general field F) is a set V — elements of V are called
vectors and the elements of R (or F) are called scalars — such that:

1. There is an operation addition (denoted by +): V xV — V, such that V is a Abelian group
under +:

(a) Yvi,v3€V=v+v2€V.
(b) Yvi,v2 €V = v +v2=v2+ 1.
(¢) Yvi,v2,v3€V = (v1+v2)+v3 =01+ (v2+v3).
(d)
)

(e) For any v € V, there exist a unique element v; € V, such that v+wv; = 0; we denote v;
by —v.

There exists an identity element, denoted by 0, such that Vv €V there is v+0=w.

2. There is an operation scalar multiplication (denoted by x, *, -, or simply writing the two
parts side by side): R xV — V), such that:

(a) VaeR and Vo € V: av e V.

(b) Ya,f €R and Yv € V: (af)v=a(fv).

(¢) Va €R and Yvy,v3 € V: a(v) +v2) =avi +avs.

(d) Vag,a0 €R and Yo €V: (ag +a2)v =aqv+ agv.
)

(e) YveV=1-v=2v,0-v=0.

A finite subset V ={wvy,--,v,} of V is linearly independent if:
n
Z%‘%’:O, = oq;=0,i=1,-n. (1.1)
i=1

We will frequently use the Einstein notation convention where repeated index denotes summation.
For example, the left hand side of (1.1)) is equivalently written as o;v;.
A linearly independent set V is called a basis if any v €V can be expressed as:

V= o,v; (1.2)

for some «; € R. This representation is unique, and we call (aq, ;) the coordinates of v under
the basis V. The number n is called the dimension of V (denoted by dim()))) — it is independent of
the choice of the basis V', hence the dimension is a property of the vector space V itself. In general,



the dimension of a vector space V can be infinite; in this course we only consider finite dimensional
spaces.

Let W be a non-empty subset of VV, such that W is a linear vector space under the same addition
and scalar multiplication operators, then W is called a linear subspace or simply subspace of V. A
trivial subspace of any V is V itself. Let W has the dimension m, then 1 <m <n and we call n—m
the codimension of W, denoted by codim(W). We have:

codim(W) =dim(V) —dim(W) . (1.3)

Any basis of W can be extended to a basis of V.

In this course, we mostly deal with the Euclidean space&ﬂ R"™ and their subspaces, where the
addition and scalar multiplication coincide with common practices. In particular, we call the vectors
e; =(1,0,---,0), e2=(0,1,---,0), -, and e, =(0,---,0,1) the standard basis of R™. Under the standard
basis, an element v = (v1,v2,-,v,) € R™ has the coordinates (vy,-,v,). In this case, we usually
identify the coordinate of a vector in R™ with the vector itself.

Remark 1. In fact, for any n-dimensional vector space V, once a basis {€Y,-,el} is fivzed we can
identify any element v=wv;e} of V with its coordinate (vy,--,v,) under this basis. This coordinate
is clearly an element of R™; when no confusion will be caused, we will denote this coordinate vector
m R™ also by v.

2 Matrices

Let V be an n-dimensional vector space and W be an m-dimensional vector space. A linear map
or a linear transformation L: V — W is defined by:

1. VaeR and Yv € V: L(av) =aL(v).
2. V’Ul,’UQEV:>L(’01 +U2)=L(’U1)+L('v2).

By definition, any linear map is identified by its operation on a basis of V. Let V ={e},--,el} and
W ={e},,el} be two bases of V and W, respectively, and we suppose:

L(ej) =a;jey, Vi=1,-n, (2.1)
where a;; are real numbers. Then for any v=wv;ef €V we have:

L(v) =v;L(e}) = via;je] . (2.2)
Hence if we denote w = L(v) =w;e’, we have:

wj=a;;v; Vji=1,m. (2.3)
Per Remark |1}, the preceding relation can be written as:

w=A'v, (2.4)

!This is to be made precise later.



where w € R™ and v € R" are the coordinates identified with the two vectors, respectively; the
matrix A € R"™"™ is defined by A = [a;;]nxm, and * denotes the matrix transpose. In fact, we have
a one-to-one correspondence of all the n x m real matrices and linear transformations between the
two vector spaces (with their bases given).

It is not difficult to see that R™*™, or the set of all linear transforms from V to VW (denoted by
L(V,W)), is also a linear vector space. For example, let a1,a0 €R and Ly,Ls € L(V, W) be arbitrary,
then oy L1+ ae Ly also belongs to £(V, V) and it is defined as:

(alLl-l-OdgLQ)(’v):Oqu(’U)-‘rCVQLQ(’U), Yve). (2.5)

Its dimension is mn.

The range of the operator L € L(V, W) is a subset of W, which is consist of elements that can
be expressed as L(v) for some v € V. The kernel of the operator is a subset of V, which contains
the elements of v € V such that L(v) =0€ W. We denote these two sets by Ra(L) CW and
Ker(L) CV, respectively. Clearly Ra(L) is a subspace of W and it corresponds to the column space
of A%; Ker(L) is a subspace of V and it corresponds to the null space of AT (denoted similarly as
Ker(A")). Furthermore, we have:

dim Ra(L) =rankA’ = n — dim Ker(A") = dimV — dim Ker(L) . (2.6)

We can associate the “matrix multiplication” with composition of linear transforms. Let V, W,
and Z be vector spaces with dimension n, m, and k, respectively; and we fix a basis for each of them.
Suppose Lj € L(V, W) and Ly € L(W,Z), and under the chosen bases the two operators correspond
to the matrices A € R™™ and B € R™*¥; then it is not difficult to verify that LyoL; € £(V,Z) and
it correspond to the matrix AB € R"*k,

In the special case when YW= Z =V and we choose the same basis for all of them, if L€ L(V,V)
has the full range: Ra(L) =7V, the corresponding matrix A is invertible. Furthermore, the inverse
of L (denoted by L~!) exists and it corresponds to A~

Finally, we consider the structure of a linear map L € L£L(V,V); especially we consider L under
different bases. Suppose L corresponds to A under the basis {e}:1<i<n} and to A under another
basis {€7:1<i<n}. Note that L=TIoLol, where [ is the identity map from V to itself. Applying
the preceding discussion to the map compositions IoLol:V—V —V —V, but equipping the first
and the fourth V with the basis {€j} whereas the middle two V with the basis {e]}, we obtain:

At =T7TA'T? (2.7)

where 7' is the matrix corresponds to I in the last map of the chain, or equivalently T = [t;;]nxn is
given by:
e?’:tijé;’, VlSZSTL (28)

)

As a consequence, if the matrix A is diagonalizable we can choose T' such that its rows are the
eigenvectors of A?, then the resulting A is diagonal, meaning that the action of the linear map L is
scaling each coordinate in the basis {€]} by a fixed quantity that equals a diagonal element of A.

3 Bilinear forms and special matrices

A bilinear form is a map B: V xV — R, where for all aq,a0 € R and all v1,v9,v3 €V we have:



1. B(awl +Oé2’l]2,’l)3):alB(U1,03)+OéQB(UQ,Ug).
2. B(’U3,O¢1U1 —I—OJQ’UQ):OélB(Ug,’lJl)—i-OéQB(’Ug,’IJQ).

If in addition B(v1,v2) = B(v2,v1) for all vi,v2 €V, we call B a symmetric bilinear form. In
this case, one of the two preceding requirements is redundant.

Due to the linearity, a bilinear form is also determined by its action on vectors in a basis. Let
B(ef,e;?) = g;j, then we have for v=v;e] and w=w;e}:

B('v,'w) =ViW;4Gi; = 'th"w . (31)

Hence any bilinear form is also related to a matrix G =[g;j]nxn; and if B is symmetric, this matrix
is also symmetric: g;; = g;i, V1 <4,j <n, or G=G".
Of special interest is the symmetric bilinear form associated to positive-definite matrices:

v'Gv>0, VveR", (3.2)

and
v'Gv =0 if and only if v=0. (3.3)

In this case, the bilinear form is also called positive definite:
1. B(v,v)>0, Yvel.
2. B(v,v)=0 if and only if v=0.

Such symmetric positive-definite bilinear forms are called inner product on the space V. For the
latter, we denote the bilinear form by angled brackets:

(v,w)g=B(v,w), Yvwe), (3.4)

where B(-,-) is defined by the symmetric positive-definite matrix G.

There are at least two things that we can talk about once an inner product is defined.
First, the above properties allow us to define a norm on elements of V:

1ollg = o]l 2= /B(v,), (3.5)

which is essentially a measure of the “distance” of the element v to the zero vector 0. Due to the
linearity, we can also define the distance between any two elements of V by:

def
d(v,w) L ||o — 0. (3.6)

For a general positive-definite matrix G, we call this ||-||; the Riemannian metric of the vector
space V.

Now consider the case when ¥V =R" and the standard basis is chosen. A special metric is given
by setting G =1, the identity matrix of R™*" and we have:

o]l = \fv} +03+-+02, (3.7)



the familiar Fuclidean distance on the n-dimensional real spaces. In this course, we will mostly
consider Euclidean spaces and omit the I in the subscript; similarly the corresponding inner product
is denoted by (-,-).

Second, we may extend the concept of “orthogonality” to general inner-product spaces. In
particular, let (-,-)¢ be the inner product, then v and w are orthogonal to each other under this
inner product if:

(v,w)g=0, or equivalently v'Gw=0. (3.8)

In the case of Euclidean spaces G = I, and the inner product coincide with the dot product and
(3.8]) reduces to the common orthogonality condition.

4 Vector and matrix norms

We’ve seen that matrices have tight relation to linear spaces and linear transforms between these
spaces. We can interpret most topics of this course in this geometrical context. For example,
solving the linear system Ax =b can be interpreted as finding a vector x in a suitably defined
vector space V that is mapped to b in another vector space W by a linear map that corresponds to
Atl. Also, the process of orthogonal reduction is the same as the following: Given a symmetric
bilinear form B that corresponds to the positive definite matrix G under one particular basis,
constructing another basis such that B corresponds to the identity matrix I under this new basis.
The eigenvalue problem or the generalized eigenvalue problem have more in-depth interpretation
in this geometrical setting, and we will get back to this subject later in this course.

Meanwhile, we focus on how to measure certain quantities in the problem of solving a linear
system Ax =b for a square matrix A € R"*™ (or a linear transform that maps a vector space into
itself). We first consider the well-posedness of this problem:

1. For any b € R™ there is a vector & € R™ such that Ax =b.
2. This solution is unique.

Clearly, a sufficient and necessary condition for the problem to be well posed is that A is nonsingular.
If A is singular, Az =>b only possesses a solution when b€ Ra(A); and in the latter case the solution
is not unique. We shall talk about the technique to solve a linear system with singular matrix A
much later in the course when we get to the point of singular value decomposition and generalized
inverse; at the moment let us restrict ourself to nonsingular matrices. The general form, however,
proves to be useful in several applications including the conjugate gradient method.

Let A be nonsingular, the first thing we need to realize in seeking numerical solutions to Ax=b
is that the data is often not exact. This can either due to measure imprecision or to roundoff
errors; and the errors may reside either in b or in A. Thus the actual problem that we solve is:

(A+6A)(x+6z)=b+5b, (4.1)

where dA and 0b are small matrix and vector that represent the errors in data, and dx is a vector
that represents the error in the numerical solution. A fundamental question that relates to almost
any numerical method is whether this method is stable and how we can estimate the errors in the
solution given the errors in data.



A wuseful tool for this purpose in the context of linear systems is the vector and matrix norms. A
norm, as mentioned before, is a measure of the difference between any vector and the zero vector;
and the ones induced by bilinear forms are special cases. Formally, we define a norm on a vector
space V as a non-negative function ||-||:V — R*:

L. ||v]|>0, VYveV and ||v||=0 if and only if v=0.
2. For all aeR and v €V, ||av]|| = |al||v]].
3. The triangle inequality: Yo,w €V, ||[v+w|| <||v||+ ||Jw]|.

Other than the norms that are induced by bilinear forms, other commonly used norms on R" are
the LP-norms (or simply p-norms), where 1 <p <oo. In particular, for 1 <p < oo, we define:

HUHp: (’U1|p+'”+|vn‘p)1/pa (42)
and for p = oo we define:
[1V]loo = moax Jvi] (4.3)

Mathematically these norms do not differ from each other very much, in the sense that any two
norms of R" are equivalent to each other; that is, two norms |[|-||; and HHE are equivalent if and
only if there exist positive constants 0 < c; < ¢z such that for all ve V:

allolly <|vlly <eaflvll, - (4.4)

Different norms, however, have significant different implications in numerical analysis. For example,
minimization in L? norm leads to the least squares problem that are much easier to solve than
minimization in other norms; whereas minimization in L' norm has the special property that small
entries tend to be driven to zero, hence it has important application in data compression. Another
commonly used norm is the L> norm, for example trying to reduce ||dx||,, essentially means trying
to minimize the errors in each component of & uniformly.

If we regard any matrix A as a linear map between R™ and itself (in what follows, we exchange
the role of A and A! and simply denote this map by @+ Az), any norm on R" induces a norm on
R™*"™ as follows:

def || Az||
A== ma . (4.5)
a:|[z||£0 |||

If the vector norm is denoted by ||z|[,, we also denote the induced matrix-norm by ||A][,,.

Remark 2. We have omitted the important questions of showing , , or indeed
defines a norm, especially the triangle inequalities.

We have the following results of several induced matrix norms: Let A € R™*™ then:

n

14 = o Sl (4.)
1=
n

I[A[l = &%Z}aiﬂ (4.7)
‘7:

HAHQZUInaXv (4.8)

2Here we mean any two generic norms, not to be confused with the LP-norm defined before.



where opmax is the largest singular value of A, or equivalently o2, is the largest eigenvalue of A*A.

max

Proof. We will show (4.6) and (4.8]), the other one is left as exercise. For (4.6), according to
Exercise 2| we may assume in the following ||z||; =1 or equivalently > 7" ;|x;| =1. Then:

n n
A= s, Da il < max 57 il

=1
[ =

"~ inli= 1Z Z' ” |x]|<um\?xl 1<k Zlazkl kA

=1 =1
= s 2o Dol = m|m2“ =2 el

In addition, let jo be the index such that > ,|aij,| = maxi<j<n ., qlaij|, then we may select
x =ej,. In this case ||z||; =1, and:

n
Ax = Aej, = (a1, azjy, -+, anjo)' = || A||, = Z‘aijo’ = lhax Z’a”’

‘ 1<y <n
=1

which completes the proof of .

As for , we need to use a few results from linear algebra. In particular it is well known
that any symmetric positive-semidefinite matrix can be diagonalized by a set of orthonormal vec-
tors. Applying this result to A’A we obtain A*A =Q'DQ = Q'DQ, where Q is orthogonal and
D = diag(c?,+,02) is diagonal. Let [|z||, =1 be arbitrary, then using the fact that orthogonal
transformation preserves the L?-norm, we have:

|Az|5 =a' A" Az = 2' Q' DQz = y' Dy = ZU vi
=1

here y = Qx and thusly ||y||, =1. It follows that:

HAmHQ < max 0j Zyz _Umax

Since « is arbitrary, we obtain ||A||y < omax.
For the equality, we may suppose O'JZO = maxlgjgnajz and choose x as the jo’th column of @,
which completes the proof. O

Finally, we derive an a priori estimate of the error for a simpler version of (4.1f), where 4 =0.
In particular, we are interested in the relative errors ||0x||/||x|| and ||db||/||b||, mainly due to the
mechanism of floating point numbers. Suppose A(x+dx)=b+0b and Az =b, on the one hand we
derive:

sw=A"l6b = |[|ow||<||A||||ob]|.

On the other hand:
Az=b = |[|b][ <[[A]l[|z]].



Combining the two inequalities and ignoring the trivial case b= 0, we obtain:

10=|] _ 1)1 1190]]

T < lAllfAT

||| LTy 1ol -
The number ||A||HA_1H is called the condition number of the matrix A, denoted by x(A). The
estimate (4.9) states that the relative error in the solution cannot grow from the relative error in
the data by a factor of x(A).

(4.9)

Exercises

Exercise 1. Prove that the L'-norm and the L®-norm on R™ are equivalent. That is, find the
two constants c¢1 and co such that holds for these two norms. You may see that these two
constants depend on the dimension n, which provides another reason why despite their mathematical
equivalence, the two norms are treated extremely differently for practical applications when n is very
large.

Exercise 2. Show that is equivalent to:

1Al = pimax || Az]]. (4.10)

Exercise 3. Let A be diagonalizable with real eigenvalues. The spectral radius of a matriz A,
denoted by p(A), is the largest absolute value of eigenvalues of A:

p(A) =max{|\|: there exists nonzero v € R" such that Av=\v}. (4.11)
Show that any induced matrixz norm satisfies:
1] = p(A). (4.12)
Exercise 4. Prove .

Exercise 5. We would like to derive an estimate of the growth in relative errors for the equa-
tion . Particularly, we suppose A is non-singular and §A is small enough such that A+J6A is
also nonsingular and the following inequality is true:

oAl _ 1
Al K(A)
Our estimate proceeds as below. Taking the difference between and Ax =b gives:
(A+0A)ox=0b—0Ax, (4.13)

and we begin with estimating H(A—i—éA)_lH. For this purpose, show that:
A) 1

1Al 1= r(A)([I6A[/IA])

Next, using this estimate and to derive:

ozl _  #(A) (!\51)!\ HMH).

< +
el = 1= () T\ Tl 174

[(A+64)7"| <
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