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1 A Starting Point: The Steepest Descent Method

If AeR™ "™ is symmetric positive-definite, solving:

Ax =0, (1.1)
is equivalent to minimizing the function:
1
o(x)= imtA:c—a:tb. (1.2)

Thus we can apply any optimization algorithm to solve this minimization problem and obtain a

method for solving (1.1)).
At the point, let us consider the steepest descent method and select any initial guess xy. With

x) available we try to find the direction along which ¢(x) decreases most rapidly starting from aj
and compute the next point x;,1 by minimizing ¢(x) in this direction. By Taylor series expansion

o(xi+ad) = ¢(xp) +aVe(xy)'d+O(]|d]*);
thus the direction we’re looking for is given by —V(x) =7y, the residual at the k-th iteration:
r,=b—Ax; . (1.3)
If r;, #0, we try to find the next solution point &1 by minimizing ¢(xy+ary) for all « €R (called
the exact line search). Note that ¢(x)+ary) is a second-degree polynomial in «:
d(xp+arg) = %(riArk)oﬂ + (rh Az —rib)a+d(xy)
the solution to the exact line search is:
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the denominator is never zero due to the positive-definiteness of A and r, #0, thus we can compute
41 as well as rg1. This leads to the following (idealized) algorithm:

’I‘Q:b—AZL'(), kZO; (1.4)
while 7 #0 :

a = (rpry) /(PR Arg) ;

Tpt1 =Tk T kT ;

Try1 =b— Axpy;

k=k+1;
end

=Xy .



A theoretical bound on the convergence of the steepest descent method is given by:
1., Amin(A4) 1.,
ShATID ) < (1R “b'A'D L.
(6tanen)+0a10) < (1 200 ) (o) + goia'n). (15)

where —(b' A71b)/2 is the theoretical minimum of ¢(x), and Apin(A) and Apax(A) are the smallest
and largest eigenvalues of A. Thus the global convergence is guaranteed due to the fact that

0 < Amin(A4) < Amax(A).

2 The Projection Method

An issue with the steepest descend method is that the decay rate of (1.5 can be extremely close
to 1 in many practical applications, which means a large number of iterations is needed to achieve
a certain accuracy.

The projection method can be viewed as an extension of the algorithm ((1.4) in the following
sense. In every iteration of the steepest descend algorithm, we compute a solution x4 in the
one-dimensional affine space xj +span(ry); thus it is also contained in the affine space:

330+Span(7'0 y P1y oy Tk) 3
which has the dimension no larger than min(n,k+1).

Remark 1. An affine space ACV, where V is a vector space, is not necessarily a vector space
itself, at least in the sense that it does not necessarily contain a zero vector. A formal definition for
the affine space requires that if v1, va € A and a €R, then (1 —a)vi+avy € A. It is not difficult
to show that let vg € A be arbitrary, then the set:

{v:v+voe A}

is a linear subspace of V. Denote this linear subspace by S, then we write A=v9+S. One can
check that S is independent of the particular choice of vy.

Remark 2. Let vy, v €V, then span(vy, vy, -, Vi) is the linear vector subspace that is composed
of all linear combinations of v1, -, vg; its dimension is at most min(k,n).

The idea of the general projection method is to search for a “best” approximation in the affine
space Vi = xo+ K, where i is a linear subspace spanned by k+1 vectors vg, v1, =, Ug:

K =span(vg, v1, =, k). (2.1)

In order to define the “best” approximation, a general way is to require that the residual r is
orthogonal to another linear space L spanned by a set of k41 vectors wg, wy, -+, wi. Note that
if £, = AKj this requirement is equivalent to the minimization problem:

Tl = argweg})i}rllck\ |b—Ax]||, .

Such projection methods thusly involve the following components:

e How to construct the vectors v, and wy,.

e How to solve the minimization problem efficiently in the k-th iteration.

A more extensive discussion will be provided in the next lecture on Krylov space methods. For
now let us consider an alternative to define the “best” approximation as finding the minimum of
¢(x) on the affine space xg+ K.



3 The Conjugate Gradient Method

Suppose the search spaces Ky are spanned by some linearly-independent vectors pg, -, p, we
denote Py e R (*+1) as P, =[p, p; - pi]. Hence we may write @), =xo+ Pyy), for some coefficient
vector y;, € R¥1. For convenience we also write K_; = @ so that 2o minimize ¢(x) in the affine
space xo+K_1 ={xo}.

Now let ) and py,--,p;, have already been computed, we consider minimizing ¢(x) over the
space xg+ Ky and write for now the solution as:

Tp1=To+Pr_1y+apy, (3.1)

for some y €R¥ and a€R. The hope is that y=1,_; so that the minimization problem is equivalent
to the line search along the direction p;,, an easy sub-problem to solve. To this end we assume ((3.1])
and obtain

2
(e}
¢(Tp11) = d(xo+ Pe1y) +ay' PL_ Ap, + jpﬁAPk —ap;ro.-

If p,, is chosen such that P,i_lApk =0, i.e., p?Apk =0 for all j=0,---,k—1, the second term vanishes
and the contribution of y is contained in the first term. An equivalent statement of this condition
is that p,, is A-conjugate to the subspace Ki_;.

Assuming this condition is satisfied, we thusly have:

042

5 pLAp, —ap|ro,

¢(@pt1) = d(wo+ Pr1y) +
where the minimization over (y,«) is decoupled into minimizing over y and over « separately. The
first part leads to y =vy,_; as desired; and the second part leads to:

t t
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P AP, piAP; (32)

Here the second equality comes from:
P =P (b— A(®o+ Pi-1Yy,—1)) = Ppro — (P APk—1)Yi—1 = PiT0; (3.3)

and one can compute the next iteration as xy41 =g+ arpy.

Now the problem reduces to finding p,, such that it is A-conjugate to Kx_;. Let us denote this
requirement as py, € (AKj_1)", where AK,_; is the linear space obtained by pre-multiplying any
member of ;_1 by the matrix A and the superscript L denotes the orthogonal (w.r.t. the usual
Euclidean norm) complement. First, we want to know whenever the current residual rj, is non-zero,
the next non-zero search direction p;, € (AKg_1)* so that piry #0 (hence oy, #0) can always be
found.

To this end, let us use the method of induction and first assume rg# 0. Note that K_; =&
thus (AK_1)* =R", and we can simply set p, =170 #0. Now suppose we work up to the point that
r #0 and want to find a suitable p,. Note that = A~'b, the exact solution, does not belong to
xo+ Kr_1 since 7 #0, we have:

A*1b¢wo+le_1 = Tozb—Awo¢AKk_1 . (3.4)



This means that we can find p;, € (AK;_1)" such that plro#0; and plry #0 follows from the fact
that p, € (AKr_1)* and a similar argument using (3.3)).

From the previous proof, we know that if r; # 0 then 7y ¢ Ale_lﬂ Following this observation,
the conjugate gradient method finds p,, by removing from 7, the latter’s projection onto (AK,_1)*.
That is, we write:

TE="Pp+ 2k, 2k €AKL_1, pp € (AK_1)" and 4 #0. (3.5)

More details about this decomposition as well as an explicit formula to compute vxp; and zj from
a basis of AK_1 is described in Exercise
Because 7 —ro=A(xg—x)) € AKk_1, it is not difficult to see that the orthogonal decomposition
of rg w.r.t. AKp_1 is given by:
T0 =VkPr+ (2K +T0—Tk) .

Now let py =70, we can then use induction to show that:
Ky =span(rg, Arg, -, AFrg). (3.6)

Indeed, the choice of p, indicates o =span(ry) and now we assume (3.6)) is true for k—1 (k> 1),
then we have:

1
P =—[ro—(zk+7o—7k)] €span(rg, AKk_1) =span(rg, Arg, -, AF

To),
Yk )

and (3.6) for the case k follows immediately.
Next let’s take a closer look at rp =b— Az =b— A(xo+ Pr_1y;_1), where y;,_; minimize
d(x0+ Pr_1y) over all y €R*. The solution to this minimization problem is not difficult to compute:

Yp1=(Pi_1 APy 1) ' Pl_ Arg.

It is then computed that:
Bi_yri="PFi_i(ro— AP, 1y;_1) =0,

or equivalently ri € IC,i_l. Combining this result and 1' we obtain again by induction that
ro, T1, , Tk are orthogonal to each other (hence are also linearly independent) and:

ICk; = Span(ro y T1, o ’T‘k) . (37)

There remains an important step of deriving a formula to compute zj, efficiently. Let us assume
for now k > 2. Note that z € AKX, _1, one of whose basis is given by AP;_1, hence:

Zp=APy1Yp_1, Yp_y=argmin|[ry— AP,y
yERF
Let us write y € RF and P,_; as

y:[qg}’ weRF' BeR;  Poi=[P2 pp_1].

!Otherwise if 7, € AK)_1, then for all pe (AICk_1)l we must have p'r, =0, contradiction.



then the vector whose 2-norm is to be minimized is the same as:
ry— AP, 1y=r,— AP, sw—3Ap;_;.

Noticing that:
rr=b—Ax,=b—A(xp_1+ar_1Py_1) =Tk-1— U_14Dy_1,

we further compute:

ry— APy 1y=7ry— AP,_ow— (rg—1—7k) = <1+ >7’k—APk2w— aﬁ Th_1.

A1 A1 k—1

Because both AP, _>w and 7r;_1 belongs to Ki_1, using the previous result that ry € IC,CL_1 we
conclude that:

2

2
= APl = (167 ) fil 4| AP+

Tr-1

A1
Let y;_; have the components wy_; and f;_1, then wg_; solves the minimization problem:

(077]

Br—

w1 =arg min |[[ry_;—AP,_sw||,
weRk-1

or equivalently:

Op—1

 Br1

This leads to a formula of z;:

APy _owp_1=arg min |[ry_1—2z||=2p_1 =Tp_1 — Vk—1Dk_1 -
z€AKE_o

Br-1
zp=AP; swp 1+ Br1Apy_1 = T

(Ph1 = Vh—1Pp_1) + Be—1AD)_1 = — (Th—Vk—1Pp_1) -

k—1 A1

In the view of (3.5)), p;, is a linear combination of r; and p;_;. This statement is clearly also true
for k < 2.

Remark 3. Strictly speaking, we need to show first that Br_1 # 0 in the preceding argument. But
this is actually fairly straightforward by an argument of contradiction.

At last, without loss of generality, we can always scale the search direction appropriately so
that:

P =Tkt 5kPp_1, (3.8)
where the scalar sj can be evaluated by pre-multiplying both sides of (3.8) by pj,_, A:

0=pk_1Apy =Pl 1 ATk + kD)1 APy 1,
here the first identity is due to the fact that p; is A-conjugate to Ky_;. Thus:

pz_yArk

—_ 3.9
P};_1Apk—1 ( )

S| =

5



In the end, the detailed algorithm for the conjugate gradient method is given by the following:

ro=b—Axy, k=0; (3.10)
while 7, #0 :
if k=0
Dp=To0;
else

Sk = —PfgflATk/Pfchpkq ;
P =Tkt SkPk_1;

end

ar, = pjr/PLAPL;

T4+1 = T+ Py ;

Tht1 =b—Axp iy

k=k+1;

end

=T .

4 Further Analysis

There are several steps of the algorithm that can be improved for computational efficiency. In
particular, there are four matrix-vector multiplications in each iteration, one of which can be re-used
between adjacent loops; hence algorithm has in average three matrix-vector multiplications
per iteration. This is the major computational cost with the method.

Now let us derive an equivalent method that only requires one matrix-vector multiplication per
iteration. Particularly, pre-multiplying rp =rt_1 —ar_14p;,_; by ri; we obtain:

rfcrk = —ak_lr}zApk_l ;
and pre-multiplying by p,_, =r! |, —s;_1p}_, we obtain:
0=p} 17k =P}y — Sk—1Pk_2)Th—1 — Wk 1P}_1 AP 1 =T}_1Tk—1— Qk 1P} 1 APg_1 -
Thus we can compute s; and «; instead as:

- pl_ Ary, _ riry B riry
Sk =——3 =— , ap=— . (4.1)
Pr1APk_1 T Tk-1 P APy

Finally, the next residual is updated from the previous one by:
Trt1 =Tk — LADy , (4.2)

where the product of Ap,, is already available in computing «j. To this end, the following version



of the method only requires one matrix-vector multiplication per iteration:

ro=b—Axy,, k=0; (4.3)
while 7, #0 :
if k=0
Dp=To0;
else

SE=ThrR/Th TR
Pp =Tk + SkPr—1;
end
a =r}r/PL APy, ;
Th+1 =Tk +0kPy ;
Thi1 =Tk — APy
k=k+1;
end

=T .

Using the structure of Ky, we see that with exact arithmetics the algorithm (4.3) converges in at
most n steps; and if A=14 B such that rankB =r, it converges in at most r+ 1 steps.
Finally, we state without proof an estimate on the error of the conjugate gradient method:

Vr—1\"
o=l <2zl (Y5T) (4.4

where k= rg(A) is the condition number of A in the induced L*-norm. More details can be found
in David G. Luenberger’s work [IJ.
Exercises

Exercise 1. Let K be a k-dimensional subspace of R™ with a basis v1, vo, -+, vi. Then the
orthogonal complement of K is defined as:

Kt={weR": wv=0 YveKk}. (4.5)
Let uw € R™ be arbitrary, its orthogonal decomposition with respect to IC is:
u=w+v, suchthatwekK*+ andvek. (4.6)

(i) Show that this decomposition is unique.

Usually we denote this unique v by Pu and w by (Z—"P)u where P:R™ — K is known as the
projection of R™ onto KK and Z:R"™ —R" is the identity map.
(7i) Prove that v="Pu minimizes the distance between any vector of K and u, i.e.,

v:Pu:argrrlleir’%Hv'—uH. (4.7)
v

7



Hint: We just need to show that ||v' —u||>||v —wul| for allv' €. This is rewritten as ||(v' —v) —w||>
||w||. To proceed, use w e K+ to show that ||(v' —v) —w||* =||v/ —v]||* +||Jw]]?.

Now let V = [v1 vy - vi] ER™F then any vector of K can be written as Vy with some y € RF.
(iii) Use this representation and to show:

Pu=V(VIV) V. (4.8)
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